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1. GENERAL BACKGROUND

In transportation system analysis, a transportatystes is often simplified into a form of
network and zoning systems. The terebwork refers to a structure in which there are two types
of elements: a set of nodes and a set of links tlraisfme pairs of nodes. In a detailed network
model, the nodes in a network model represent individual jroedions. Each link corresponds
to a section or road; in more aggregate nodes, links gaesent collections of roads. The
topology of network is specified by the presence or rateseof links between nodes which
determine the possibility of travel from one place te tither. There are several attributes
associated with each link in the network model to define hheacteristics of that link. The most
commonly used attributes include link length, free flowétawme, and link capacity. With these
attributes, the delay, number of stops and travel timesach link can then be estimated
according to the flow of traffic carried by the link. \@rs functional forms have been proposed
to model the relationship between link travel times anffidrlows. In general, because an
increase in link traffic flow will normally decreaseettravel speed along the link, travel times
are usually considered to be positive monotonic inangafsinctions of traffic flow. Parameters
in the travel time functions often include free flowavel times (i.e. link travel times when there
is no traffic on links) and link capacities (i.e. maximwaiues of traffic flow along the link).
Some examples of travel time functions can be founBatriksson (1994, p20). In addition to
links, the ternroute or path is defined to represent a sequence of directed links leadingdne
node to another. The corresponding travel time alongt& ian be determined as the sum of the
travel times along the links comprising that route, witivhich each of the link travel time is
calculated according to their corresponding time ofyentr

The termzone in the zoning system refers to a partition of an urdb@a. Within each of these
zones, various data can be collected for calibratingvafidating the transport model. These
data include demographic features of people in the zone aeds lef economic activity
including employment, shopping space, educational and resra@atfacilities (Ortdzar and
Willumsen, 2001). Each zone is represented in the netwoegkdpecial node calledcantroid.
Each centroid can either be amgin node from which traffic enters the network, atestination
node to which traffic leaves the network.

After building a representation of the transport syst@malysis and planning procedure can then
be carried out. The classic procedure of analysis amhiplg in transport practice, known as the
four-stage model, is shown in Figure 1. The four stages are trip generatigp distribution,
modal split, and assignment. The four-stage model sta@hsstimating the total number of trips
generated by each zone based on the data of the ldvet®m@omic activity in that zone. The
next stage is to distribute these trips from theirinsigo particular destinations. The following
stage, modal split is an estimation of the choicérarisport modes, such as car, underground



train, or bus, of the trips. The final stage, assignmerib estimate how the trips travel through
the network, the traffic flows generated, the resultiadfic conditions, and the costs of travel
for each origin-destination pair. A detailed discussionthe four-stage model can be found in
Ortuizar and Willumsen (2001).
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Figure 1 The classic four-stage transport planning model

2. TRAFFIC ASSIGNMENT

A traffic assignment model aims to estimate how igdtbws through a road system and the
associated effects of traffic on the system. Théfeete can be measured by a number of criteria
including distance travelled, travel time, delay, fuelstonption and environmental pollution.
Traffic assignment models can also be used to investityatresponses of traffic to changes in
the system (for example, changes in travel demandelkees’ information, road capacities,
signal timings, and road tolls).

Formulating and solving a traffic assignment model requive=e kinds of information. The two
of these are the demand for travel and the charaateref transport system. The demand for
travel, which is estimated by the three earlier stafélse four-stage model, represents the likely
travel decisions that travellers would make, given pkeformance of the transport system.
Following the first three steps in the four-stage motled, travel decisions considered include
choices of destination, mode, frequency of trip, and evieetiver to travel at all (IHT, 1997,



p91). It should be noted that although population, land-usdsotaer factors could vary over
time, so does the travel demand. Conventional planning siodét consider the travel demand
within a particular period of time and the demand is regaedetime-independent throughout
that time period. The second component of a traffigasgent formulation is a network model
of the characteristics of transport system. The tfancof this network model is to define the
relationship between the travel demand and the perfoenahcthe transport system. For
example, travel times are modelled as increasing watvet demand, due to the decreases in
travel speeds of vehicles (IHT, 1997, p91).

Given the demand for travel and the characteristica tfansport system, the third kind of
information is a way of estimating the correspondingrithstion of the travel demand over the
transport system. The most widely accepted way is thrdbghtwo principles of traffic
assignment proposed by Wardrop (1952).

2.1 Wardrop'’s first principle — user equilibrium

Wardrop adopted the supply-demand equilibrium conceptcohamics, which suggests that
travel demand should be balanced against the performaribe tinsport system in servicing
that level of demand. This gives Wardrop’s (1952) first ppileci or theuser equilibrium
principle:

“the journey times on all the routes actually used arelequd less than those which
would be experienced by a single vehicle on any unused’route.

The underlying assumption of this principle is that alvéllers are supposed to choose their
routes of travel through the network according to themon criterion that their individual
journey times are minimized. In addition, all travedlavill experience the same journey times if
they encounter identical traffic conditions. Furthermoed travellers will have perfect
information on all possible routes through network, raiter whether the routes are used or not.

In fact, this concept of equilibrium is found to be avpdul tool for analysing transport system,
as Bell and lida (1997) wrote:

“While a transport system may never actually be inatesdvf equilibrium, it is assumed
that it is at least near equilibrium, tending towagedsiilibrium, and only prevented from
attaining equilibrium by changes in external factors... Atikbrium, the transport

system reduces to a fixed point (the equilibrium costs ames)fl and powerful analytical
techniques ... exist for finding the fixed point. Proponents ofliegum theory take it as

a matter of faith that, given the existence of an ldgjum, there are behavioural
mechanisms that push the transport system to this fixet’po

A traffic assignment model should be formulated in mathtical terms before it can be analysed
and solved numerically. User equilibrium traffic assigmican be stated equivalently as the
following complementary inequality for the route fl@y
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where g, is the flow assigned to roupe P, is the set of all routes from origoto destinatiord,

C, is the travel time along roupg andC, is the minimum travel time fromto d.

Beckmann et al. (1956) were the first to transform ther wexuilibrium principle into a
mathematical programming problem for link flowy.
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The notationv, represents the flow of traffic on lirk c, (J is the travel time along lin& and is
a function of link flowv,, E_, represents the traffic flow between origirio destinatiord. It is

noted that the objective function is formulatedténms of link flows, while the constraints are
formulated in terms of route flows. Hence, thedading definitional constraint is required to inter-
relate the link flows and route flows
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where 5;‘ is a indicator variable:

1 if link aisonroute
5 :{ P (6)

P10 otherwise’

Constraint (5) is also part of the optimizationgmam (2).

Beckmann (1956) showed that solving this mathembpirogramming formulation is equivalent
to solving the static user equilibrium assignmewatofem (1). The equivalency can be proven by
verifying that the Karush-Kuhn-Tucker (KKT) neceagsaonditions for a minimum point of the
problem (see Sheffi, 1985, pp63 — 66; Patrikss®941pp35-36) are exactly the conditions of
user equilibrium. Since its introduction, the tfamsiation technique by Beckmann (1956) is
now standard and well-known in transport literafuaed hence its mathematical details are not
shown here for brevity. A range of efficient sadutialgorithms were later developed, and they
can be employed to solve Beckmann et al.’s (195hematical programming formulation and



its extensions effectively. Examples of the algoritloas be found in Evans (1976), Lee (1995),
and Bar-Gera (2002).

Unigueness of equilibrium solution

The uniqueness of user equilibrium solution depends on twotmorslithe feasible region and
the objective function in Beckmann’s formulation hdagh to be convex (Sheffi, 1985, p66).
Given the linearity of the constraints, the resulti@aisible region of the optimization problem
will be convex. If the travel cost functiayg is monotonic increasing with respect to link flowy
then it will imply the integral and hence the objeetifunction (1-2) is strictly convex. As a
result, the equilibrium solution with respectlink flow is unique. Nevertheless, one should note
that the above analysis is only confined to link flow, amteed the equilibrium solution is not
unique with respect tpath flow. An illustrative example can be referred to Sheffi (1988).

2.2. Wardrop’s second principle — system optimum

Although user equilibrium may be a good representation sifilolition of existing network
traffic, such distribution of traffic generally does hedd to the best possible use of the network
system. This is because user equilibrium considers #aéit iadividual traveller is acting only in
their own interests, but not necessarily in the egeof the system as a whole.

In fact, the discrepancy between the behaviour of iddadi travellers acting on their own
interests and the interests of the whole communitknswn in economic literature as the
“divergence between private cost and social cost”. It fivas raised and discussed by Pigou
(1920) and Knight (1924). In accordance with this observatiardrop (1952) further proposed
his second principle of traffic assignment to describe trawellers could be allocated centrally
to minimize the total cost incurred by all travellersatdfop’s (1952) second principle or the
system optimal principle is:

“the average journey time is a minimum.”

Under system optimum, some travellers may be assigneaites that have costs higher than the
minimal that they could travel along. This is because atiditional costs incurred by such
travellers will be outweighed by the greater savings #atrue to the others. The user
equilibrium and system optimal principles will producenitieal results when the network is
uncongested (Sheffi, 1985, p72). Although the system optimanassnt is not a realistic
representation of network traffic, it provides a bound ow hve can make the best use of the
road system, and as such it is a useful benchmarkvéduaging various traffic control policies.
Using economic terminology, the user equilibrium and #ystem optimal assignments
respectively represent the descriptive (positive) and abven representations of traffic flow
patterns on road networks.

" Such non-uniqueness with respect to path flow also agptielynamic traffic assignment with either point-queue
or physical-queue paradigms (Szeto and Lo, 2004).



The system optimal assignment can also be formulasgtiematically as a static minimization
problem of the total system journey time spent in thevok:

min > v, ¢, (v,) (7)

alL
subject to constraints (1-2) — (1-4).

The optimality conditions of the system optimaligsment are given in Sheffi (1985, pp69 —
72) as
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IS interpreted as the marginal contribution ofaalditional

traveller on rout@ to the total travel time on that royteThe derivative of link travel time with

respect to the link flow,acgﬁ, represents the additional travel time inducecibyadditional

a
traveller to each of the existing travellers on lh&. When the transport network is at system
optimum, thismarginal travel time on all used routes connecting eacgimdestination pair in
the network is equal. In other words, to optimatlperate a transportation system in an

equilibrium state, each traveler on each link isexted to pay for a toll equallin%cg(i). This
Va

is the underlying concept aharginal pricing in the literature of transport engineering and
economics.

2.3. Traffic assignments and network games

There have been comparisons in the literature lBtwke traffic assignments and the game
theory in economics.

In game theory, a game is considered to be a patgame if the incentive of all players to
change their strategy can be expressed in oneldlabetion, the potential function (Monderer
and Shapley, 1994). The fact that Wardrop equiliiorican be obtained by using an equivalent
optimization problem makes it classified as a kefdpotential games (Altman and Wynter,
2004).

The fact that in a Wardrop game where there is arfinitely number of players (travelers) also
makes it to be classified called congestion garRasriksson, 1994; Altman and Wynter, 2004).
Congestion games were first defined by Rosentl83)L Rosenthal (1973) considered that each



player in the congestion game to be an individual temvelThe travelers can choose pure
strategies (i.e. make their route choices to thepaesve destination) to minimize their payoff
function (i.e. individual travel time). Such congestgame was shown to be equivalent to a non-
cooperative, pure strategy Nash game. In other words, Waedpalibrium can be regarded as a
kind of Nash equilibrium.

2.4. Day-to-day evolution towards equilibrium

The original Wardrop’s analysis disregards how an equlibrstate is actually reached over
time. This produces a number of studies on the “day-td{dayelers’ behavior adjustments and
the evolution of the overall system towards equilibrivsseme pioneers in the transportation
literature includes Horowitz (1984), Cantarella and Cés¢&095), and Watling (1999).

In the literature of computer science, Fischer et 2006) studied the rerouting policies in a
dynamic round-based variant of Wardrop game. Fischdr @0©€6) imagined that the travelers
play a repeated game in rounds. In each round, eachetranaly compare the latency of his
current route with the latency of another route anitcévio the other route if it promises a better
latency. The problem with this natural approach is thag¢rotravelers might switch to the same
route simultaneously so that latency of a travelay mot improve or even get worse. Following
this, the game may get struck in oscillations. Fischieale(2006) considered how a large
population of travelers compute and learn an equilibriuarenefficiently based on simple
sampling and adaptation policies. Their studies can btomtrito the design of distributed
adaptive re-routing protocols, such as deployment of vaiiaedigent transportation system
(ITS) technologies, which quickly converge to stable r@ugllocations. Fischer et al. (2006)
showed that a simple replication protocol in which eétaxs adopt strategies of more successful
travelers reaches equilibrium within a time bound thandependent of the size and the structure
of the network but only dependent on the travel coktsawelers. They further showed that to
achieve convergence to Wardrop equilibrium, one also needsxploration component
discovering possibly unused strategies in addition to a&adn. Fischer et al. (2006)
investigated a sampling based replication-exploration prbtacd its convergence time to
equilibrium.

Along the same line, Friesz et al. (2004) and Yang et al (200Ked into the evolution of
system optimal assignment. In particular, Yang e2@07) pointed out that with the traditional
marginal cost pricing (see Equation 8), the overallesygperformance could show deterioration
over some period during the transition before reachinglitsate system optimal state. Such
interim deterioration is not desired by transportaptanners. Yang et. al (2007) demonstrated
how to deploy a day-to-day dynamic toll such that theesysperformance can improve
continuously over “days”. Yang et al. (2007) further propaseteepest-descent day-to-day toll
such that the transportation system can converge tnsygttimal at the fastest rate.

3. WITHIN -DAY DYNAMIC TRAFFIC ASSIGNMENT MODELS



On the characteristics of the transport systemstibady-state assignment model considers traffic
flows and travel times to be time-invariant and tralexhand to be below the physical capacity
of the transport network. However, traffic flows atvdvel times are dynamic in nature. In
addition, there is a possibility that during some partthefday, the travel demand will exceed
the capacity of the network. This temporary overloadingnotibe represented by static models
in a satisfactory manner (Heydecker and Addison, 2005).

On the travel demand side, the steady-state traffigrasent model specifies the demand for
travel to a particular time period under consideratiod, tegats it as constant over that period of
the day. This treatment could mask any systematic \@mianti travel demand over time of the
day. Indeed, empirical studies (Hendrickson and Plank, 1984|l,S1882) confirmed that
travellers do change their times of departure subjecheotraffic conditions they encounter,
especially during morning and evening peak periods. This temporatiearin travel demand,
which is known as theeak spreading phenomenon, cannot be captured by steady-state traffic
assignment models.

Vickrey (1969) was among the first proposing dynamic mod#lamisportation system which is
called bottleneck model. In the bottleneck model, traffic congestion wasuassd to take the
form of queuing behind a bottleneck of fixed flow capacityaosingle travel link connecting a
single origin-destination pair. In the model, each idahtiraveller was assumed to commute in
his or her own car from home (i.e. origin) to worle(idestination) along the single travel link.
All travellers wish to arrive at work at the sammej which is impractical to achieve because the
capacity of the bottleneck is finite. As a result, sdnawellers have to arrive earlier and some
arrive later. The cost of arriving earlier or laterrtlihe desired arrival time was callschedule
delay cost. Each traveller will make his or her choice of timedeparture in order to minimize
the associatetbtal travel cost, which is essentially a cost associated with thes tspent on
travel plus the schedule delay cost. The equilibriuntisexed if all travel can be made at the
same total travel cost. This means that in equilibrigravellers will trade off changes in
schedule delay costs against those in travel timesd&hicho travel off-peak so as to achieve
short journeys do so at the expense of travelling ativelp unfavourable times, which is
represented through schedule delay costs. On the othdr theose who arrive close to their
desired time do so at the expense of a relatively longéyuiFollowing Vickrey (1969), authors
including Yagar (1971), Hurdle (1974), and Merchant and Nemhauser (1®y8have
acknowledged the importance of Vickrey's (1969) work and laordributed to the dynamic
transport models.

Nevertheless, the significance of the within-day dynammicels was not widely acknowledged
until the inception of intelligent transportation sysis and the technological advances in traffic
control systems in the early 1990s. The applicatiomtdlligent transport systems (ITS) has
shown their ability to improve transport networks in mavgys by providing information and
guidance to travellers. The benefits of ITS include redudravel times in lightly-loaded
conditions, and increasing capacity and hence reducing tina@es in more heavily loaded ones.
For example, Adler (2001) showed how travel times coulcedaced by about 1 minute in a 15-
minute journey through providing advanced traffic informatiod asute guidance. Rajamani
and Shladover (2001) showed that ITS technologies could be tasptbvide autonomous
adaptive cruise control systems that increase roadcitafeom about 2,000 to about 3,000



vehicles per lane-hour. A more detailed review on ITShbeareferred to Heydecker (2002a). In
addition to ITS, designing and implementing innovative tragfhntrol systems and policy also
require dynamic traffic assignment models to estimaswetlers’ likely response. Some
examples of these control strategies include networksacmmtrol (see for example, Smith and
Ghali, 1990a; b; Lovell and Daganzo, 2000; Erera et al., 200&)prietiesign and road capacity
management (see for example, Ghali and Smith, 1993; tAfdet Palma and Lindsey, 1993,
1998; Heydecker, 2002b), and time-varying road pricing (see forpeaniang and Huang,
1997; Wie and Tobin, 1998; Ettema et al., 2006). Due to thesengeneaeds, dynamic traffic
assignment problems have become a popular and imporsaairch topic in both academia and
industry in the last two decades.

Following Wardrop’s (1952) principles, within-day dynartriaffic assignment can be formulated
through two approaches: dynamic user equilibrium and dynasstiersyoptimal assignments.

3.1. Within-day dynamic user equilibrium

In the literature, dynamic user equilibrium assignmest lbeen being the focus of research. The
formulations of dynamic user equilibrium assignmentl@agrouped into five categories:

1. Mathematical programming (see for example, Janson, 1981;aRd Boyce, 1996; Han
and Heydecker, 2006);

2. Non-linear complementarity problem (see for example &vVal., 2002);

3. Fixed point problem (see for example, Addison and Heketed993; Heydecker and
Addison, 1996);

4. Variational inequality (see for example, Friesz et #993; Ran and Boyce, 1996; Szeto
and Lo, 2004).

Following the success in tackling static traffic assigmnmoblem, much work on dynamic user
equilibrium assignment attempted to use a mathematiogrgnming approach. Janson (1991)
proposed a mathematical programming formulation by intiegr8eckmann’s (1956) equilibrium
objective function with respect to time. However, dsrlpointed out by Lin and Lo (2000), and
Boyce, Lee and Ran (2001), the formulation of Jans(@991) mathematical programme cannot
capture the traffic dynamics, the temporally asymmetature of dynamic traffic cost functions,
and the time-dependent interaction between trafficflawd travel times. Lin and Lo (2000) also
showed with simple counter-example that solving Jangd8%1) formulation does not necessarily
lead to a solution that satisfies a dynamic user equifibcondition. Recently, Han and Heydecker
(2006) have reformulated Beckmann's (1956) mathematicglramme and have addressed the
problem raised by Lin and Lo (2000) in Janson’s (1991) wation. However, Han and
Heydecker’s (2006) formulation can be too cumbersome &mtipal implementation. In addition,
their formulation has yet to be applied to networks incWhnteractions between flows from
different origin-destination pairs are involved.

Friesz et al. (1993) were the first to formulate andlyseadynamic user equilibrium traffic
assignment problem using variational inequalities. As shoyAatriksson (1994) and Nagurney
(1993), variational inequalities can be regard as a geraiahzof mathematical programming,



non-linear complementarity problem, and fixed point probldbdue to their generality,
variational inequalities have attracted a lot of aibenais a means of formulating and analysing
dynamic traffic assignment. Detailed discussions omddation of variational inequality can be
found in Friesz et al. (1996), Ran and Boyce (1996), and Nag(t8e3).

Cell-based dynamic user equilibrium assignment

Lo and Szeto formulated a CTM based dynamic user equilibassignment with route choice
(Lo and Szeto, 2002) and a dynamic user equilibrium assignwigncombined route choice
and departure time choice (Szeto and Lo, 2004) by using tlaieaal inequality (V1) with an
underlying cell transmission model. The formulation wasesb by using a projection method
developed by Han and Lo (2003). Han and Lo’s (2003) algorithmbeilconvergent if the
solution set of the VI problem is nonempty. Numeriesuits were given in both papers where
physical features (such as spilling back) of traffic wexgtered and good equilibration results of
traffic assignment were shown.

One should note that with the physical-queue paradignmpartant recent finding is that the
existence of equilibrium assignment solutions is no lormgearanteed (Daganzo, 1998; Szeto
and Lo, 2005). Examples have been found in Szeto and Lo (2@f6h show that under
congested conditions, the route travel time functiovey become discontinuous, making it
impossible in certain cases to find an user equilibriumntsol.

3.2. Within-day dynamic system optimum

Dynamic user equilibrium is used to represent the Hididn of traffic that arises when
travellers consider their own interests alone. Haxeas discussed previously, such distribution
of traffic generally does not lead to the best possildeofishe transport system, because the user
equilibrium considers that each individual travelleladding only in their own interests, rather
than those of the community. Dynamic system optinsaigament, in contrast, considers that
there is a centraystem manager distributing the traffic over time within a fixed hooiz so that

the total, rather than individual, benefit of all telers in the system is maximised.

Analytical dynamic system optimal assignment is aportant yet underdeveloped area and
indeed it is one of the most challenging areas in tratefjpor research. Different from its static
counterpart, dynamic system optimal assignment is a dgr@ptimization problem, which aims
to calculate amptimal time path for the decision variables instead of a sirgggmal value as in
the static case. As noted by Dorfman (1969), such a prablelifficult to solve and “is not for
beginners”. In addition, the challenges associated dythamic system optimal assignment
problem are also due to the range of interrelated requntsnas their components (i.e. travel
demand, characteristics of road system, and the wahichwraffic is distributed) to perform in
a satisfactory manner. As twelve years ago, PatrikEse9v) wrote:

“So far, no well-founded dynamic models free from anyoss anomaly such as instant
propagation of some travellers, infinite cycling, faildoerecognize the first-in-first-out



principle, etc., have appeared, and their numerical salutiost often rely on a time-
discretization which brings the dynamic model into ai¢3ity very large) static one.”

Merchant and Nemhauser (1978a; b) were the first to fotenaad analyse dynamic system
optimal assignment. Merchant and Nemhauser’s (1978a; mmukation was then followed and
modified by many others (see for example, Ho, 1980; CaR87; Friesz et al., 1989; Yang and
Huang, 1997; Wie and Tobin, 1998). However, these previous studidsansoutflow traffic
model, whose plausibility was later found to be questi@ndbt its violation of causality.
Addison and Heydecker (1998) used an alternative calculariations technique to analyse and
calculate the system optimal assignment with depattone choice. However, the calculus of
variations is complicated to use and to implement.

Friesz et al. (2006) and myself (Chow, 2007) formulated yhamic system optimal assignment
with departure time choice asskte-dependent optimal control problem. Our objective was to
minimize the total system travel cost by controlling ihflow to the network over time. To
ensure the plausibilitythe objective function was subject to a set of cangs: the proper flow
propagation along each link, flow conservation, amoumbta throughput between each origin-
destination pair, non-negativity of traffic. One techntifficulty arose due to the duration of the
time lag between changes to the control variable (rofitavs) and the corresponding response
(route outflows) depends on the state variables igrafblume on the routes). This state-
dependent control theoretic formulation is unorthodoxthe control theory literature. The
corresponding optimality conditions were derived by usingalaulus of variations technique.
Essentially we both came up with a similar optimaligndition which can be regarded as a
dynamic extension of traditional system optimalitymdion (see Sheffi, 1985). We showed that
the dynamic system optimal assignment can be reduced tegaivalent dynamic user
equilibrium assignment formulation in which several iladdal costs are introduced to each
route and departure time in use. The additional cosbeamgarded as the dynamic externality
which is the sensitivity of the value of the valueobfjective function (i.e. total system travel
cost) with respect to a changes in the route inflogfilpr One has to pay attention that, different
from the analysis in static case, such externaligyrmamic in nature which means a change in
the route inflow at a particular time will has afeet on traffic at that timand times thereafter.

Cell-based dynamic system optimum assignment

Ziliaskopoulos (2000) formulated a CTM based dynamic systetimal assignment with route
choice for many-to-one networks by using the linear progragnnLP) approach with an
underlying cell transmission model. Ziliaskopoulos’s forrtiala aimed to minimize the total
system travel time, which was shown to be equivalenninimize the cell occupancy at each
time interval, within a fixed time planning horizon. Thentrol (decision) variables were the
inflow to each route between each origin-destimapiair. The state (response) variables were the
cell occupancies during each time interval. The assacidt@l variables would represent the
changes in the value of the objective function (icdal system travel time) with respect to
changes in occupancy in the corresponding cell within citveesponding time interval. In
economic terminology, the dual variables can be regaadethe marginal cost with respect to

" You may refer the appendix for some discussion on thasipiéity of traffic model.



traffic in each cell. Necessary and sufficient caods of the optimization problem were derived
and proven. Numerical results were given in both paperevphysical features (such as spilling
back) of traffic were captured. Nevertheless, Ziliaskdg® (2000) assumed that traffic could be
held anywhere at anytime for the benefit of the whole system. Suwiding back problem was
criticized to be unrealistic and is needed to be remédied

4. SOME POSSIBLE EXTENSIONS: TRAVEL UNCERTAINTIES AND HETEROGENEITY

On the travellers’ behaviour, the above analysis supptsas all travellers have perfect
information on the traffic conditions that they wahcounter on their journeys. However, it is
understood that travellers do not have such informatioreatity. Investigating the effects of
uncertainties is an important future extension. One popular way toucaptncertainties in travel
is by adding stochastic terms in the travel cost funstim represent the uncertainties in travel
information obtained by travellers (see for exam@heffi, 1985; Lim and Heydecker, 2005;
Maher, et al., 2005). In addition to the realism, suckhststic traffic assignment models have
also been shown in the literature to have certainpewational advantage over the deterministic
ones. Several studies (see for example, Ying and Y20th; Connors et al., 2007) have shown
that incorporating the stochastic terms has a desirabsequence of providing smoothness and
convexity to both demand and travel performance functionarfalysis and solution algorithms
to work with.

Furthermore, the work above considers travelers tsame value of travel time and time-
specific costs, while it is also not exactly the caseeality. Taking theheterogeneity among
travelers into account is necessary for implementingalgjai transport policy which is shown to
be an important social concern. Transport economestsaled thaanonymous® control policies
tend to benefit disproportionately those road users wiilgla value of time, who are typically
rich (Arnott, De Palma and Lindsey, 1994, 1998). Technicadlptwring the effects associated
with heterogeneity, including collecting required data, odtices a number of difficulties
(Newell, 1987; Arnott, De Palma and Lindsey, 1994; Yang andgM#®98; Lindsey, 2004) and
it remains as a challenging topic in transportationamese

Appendix - Desirable properties of traffic flow modelsfor use in dynamic assignments

Temporal variations of link traffic flows and link trdvemes in dynamic traffic assignment
models are represented tgffic flow models. Many different kinds of traffic models have been
proposed in the literature (see for example, Vickrey, 1869chant and Nemhauser, 1978a; b;
Hendrickson and Kocur, 1981; Mahmassani and Herman, 1984; Ne&WeRB, Friesz et al.,
1993; Daganzo, 1994, 1995a; Chu, 1995; Ran and Boyce, 1996; Yang and Huang,at®p7; C

* Personally, | would recommend this LP approach raltzer the state-dependent optimal control approach adopted
by Friesz and myself, which involves too much mathemétics the calculus of variations technique) and too much
effort in computation (it is computationally expensive atcalate the time derivatives, i.e. the dynamic extégna

and solve the optimal control problem especially vieahout large network).

$ Anonymous policy refers to the policy which is imposgehtically on all individuals.

™ Although we are going to use the cell transmission madelaunderlying traffic flow model, it is still good to
know the general requirements on a traffic flow modelif® in dynamic traffic assignments.



et al., 2003). Some of these traffic models are mootativee or convenient to use over the others,
while some of the models are more realistic repreientaf traffic dynamics. Because different
traffic models produce different estimations for linkwis, travel times, and hence solutions of
traffic assignments, it is important to understand tlop@rties, plausibility, and applicability of
each traffic model. It is also vital to identify themmum requirements on a traffic model for it
to be used in dynamic traffic assignment formulations.

In general, these traffic models can be summarizéakifollowing general form
c.(s) = pale.(s) x.(s). 9. (s)]. (A-1)

where Ea(s) is the link travel time experienced by traffic entdws linka at a times. The rate at
which traffic enters and leaves the link at timare denoted b, (s &nd g, (s) respectively.
The amount of traffic present on each lalat times is represented by, (s .)The link travel
time is related with the traffic flow quantities throutte traffic modelp, [) Daganzo (1995b)
showed that for a traffic model which is dependent obwmfle, , a sufficiently fast decline in

the link inflows can make the traffic model violate finstfirst-out (FIFO) queue discipline.
Likewise, Daganzo (1995b) further showed that the trafficcel should also be independent of

outflow, g, , because a sufficiently fast decline in the link outBogan also make the traffic

model violate FIFO queue discipline in a similar way. [&timn of FIFO queue discipline is
considered to be unrealistic in a macroscopic trave¢ tmodel that considers traffic to be
flowing continuously, because it implies that the leaad faster vehicles wiflump over the
preceding slower vehicles (Carey, 2004a). Following thdssergations, Daganzo (1995b)
suggested that traffic models should only be a functi@amefunt of link traffic, i.e.

C,(s) = x,[x,(s)]. (A-2)

Proceeding after Daganzo (1995b), the properties of vakimals of traffic models and their
suitability for modelling dynamics of traffic have beewaestigated widely. Following Carey
(20044a; b), and Heydecker and Addison (2005), for plausible asimof traffic flows and

travel times, the link traffic model adopted should posse®$ satisfy the following five
properties:

non-negativity;

first-in-first-out (FIFO) discipline;
conservation of flow;

consistency between travel time and flow;
causality.

agrwnE

A.1 Non-negativity



The non-negativity principle states that if a positiv#ow is loaded into a travel link, then each
of the resulting traffic, outflow, and the travel &m should always also be positive. This
condition can be stated as

e(s)>0 = g.[r.(s) >0, x,(s)>0][r,(s) -s| >0, (A-3)

where 7,(s) is the time of exit for a time of entry at tin® and hencer,(s)-s is the
corresponding travel time along the link.

A.2 First-in-first-out (FIFO) queue discipline

The FIFO queue discipline requires that if a travelldemdehis departure time from the origin
and join the traffic queue later, then he can expectrteeaat the destination later. That is, the
FIFO discipline is satisfied i§, 2 s,, 7(s,) 2 7(s,) for all times of entrys, ands,. Proposition
A.1 then follows for differentiable functiong([) .

Proposition A.1: If the traffic model satisfies the FIFO queue dadice and the function
(D) is differentiable, then the following conditionlibe satisfied

dr 50 A
ds )

for all times of entrys to the link.

Proof:
We first have the condition of link FIFO ags,) 27(s, fogr all s, ands,, s, =2 s,. This

1(sy) —1(s) _ Az(9)
S,—S As

implies that for As>0 , >0 because both numerator and

denominator are positive. Taking the limit &8 — 0 givesE >0. [

ds
The FIFO queue discipline is an essential propérty modelling dynamic traffic. Indeed,
Daganzo (1995b) and Astarita (1996) have shownuhkgss the link traffic model respects the
FIFO discipline, problems will arise in respectasfe or both of non-negativity of traffic and
proper propagation of flows. This is further sugpdrby Carey (2004a), who showed that the
FIFO discipline is a necessary and sufficient cbowito ensure non-negativity of traffic and
consistency between traffic flows and correspondnagel times (see proposition 3 in Carey,
2004a). The FIFO condition could be considerededo strong and unrealistic, but satisfaction
of the FIFO discipline is necessary in macroscapid continuous traffic models. Carey (2004a)
explained that FIFO discipline only means to prévarertaking and passing due to incidental
features within the traffic model that do not reflany real world phenomenon such as a fast
vehicle jumps over the preceding slower one.



A.3. Conservation of flow

The conservation of flow states that the traffituvoe X, (s), which is the number of vehicles or

the occupancy, on a travel link at any time should be equahe difference between the
cumulative inflow and outflow by that time. The underlyings@mption of the principle of
conservation is that traffic will neither be generated dissipated, for example by vehicles
entering from and exiting into side links, within the traelk. However, this assumption could
in principle be relaxed by introducing origin or destinatimdes to the link as noted by Carey
(20044a). This conservation of flow can be written as

X, (S) = E,(5) =G, (9), (A-5)

where E, (s ) and G, (s ) respectively represent the cumulative inflow and owutfby times. The
relationship between the variables in Equation (A-5)sis ahown in Figure A.1.

A

E(s)
X(s') )— G(S)

Cumulative flows

7

S time,'s
Figure A.1 Flow conservation

If the variables in Equation (A-5) are differentiable twitespect to times, then from
differentiating (A-5) we have

dx, ()

ds

=

=e,(9-0,(9). (A-6)

Equation (A-6) states that the rate of changexg{s at any times can be determined as the
difference between the inflow and the outflow oftegttttime.

A.4. Consistency between travel time and flow



This travel time-flow consistency is also known aspgropropagation of flow (Tobin, 1993;
Friesz and Bernstein, 2000; Heydecker and Addison, 2005at#ssthat the cumulative traffic

that has entered up to time s must have exited fromrnkebii exactly timer, (s )(see Figure
A.2). This can be expressed as

E.(9) =G,[r.(9)]. ®

where E_(s) and Ga[ra(s)] correspond to the cumulative inflow by s and the cumulative
outflow by 7, (s) respectively.

A

&y G( s)

Cumulative flows

s’ 7,(s) time:s
Figure A.2 Consistency of travel-time and traffic-flow

If the variables in Equation (A-7) are differentiabletwiespect to s, the we can apply the chain
rule and differentiate both sides with respect to tsmand hence Equation (A-7) can be written

equivalently as

d7.(9) (A-8)

ds

=

€,(9) = 9,[7.(9)]

Equation (A-8) shows the variation of the flow along thavel link should be based on the rate
of change of the link travel time, |grd’°‘—(s) Following Equation (A-8), a proposition on the
S

non-negativity of link outflow profile is also deduced.

Proposition A.2: If the traffic model satisfies FIFO queue discipline, gien a positive
profile inflow for all times, then the corresponding profile of outflow is alsoitpos.

Proof:



Proposition A.1 shows that FIFO queue discipline imgiesitive rate of change of link
dr,(s)

S

travel time for all times. Proceeding after this and using Equation (A-8), given

dz,(s)

the link inflow profile e,(s) and are positive for all times, then the

corresponding link outflow profilq;a[ra(s)] must be also positive.[]

A.5. Causality

Behaviour of traffic should be affected only by local onditions downstream, not by traffic

conditions upstream. This causal relationship also imptiasthe outflow profile from a travel

link should only depend on the inflow profile at or beftive corresponding time of entry but not
after.

Cell transmission model

The cell transmission model satisfies all the requaneisnabove and has been applied to dynamic
traffic assignment problems (see for example, Lo, 199gskbpoulos, 2000; Lo and Szeto,
2002; 2004). Nevertheless, it should be noted that these psestiadies revealed that solving the
cell transmission model is computationally expensive mag not be feasible for large scale
computations. Furthermore, Friesz and Bernstein (2000) ptsnted out that the cell
transmission model is difficult to analyse mathenadlfcbecause the outflow function in CTM

is piecewise and is not differentiable with respedtdctate variable. These are the areas to be
remedied in our future research.
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